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We will show that it is a good evolution equation 
Thus, equation (1) The fact that this dispersion relation is real shows that though the plane ft = 0g is characteristic, equation (1) (R 1+n x;y ) for all s. Equivalently one can solve (1) by Fourier Transform in the x; y variables to obtain ?2i û t (t; ; ) = ?j j 2û (t; ; ) ;û(t; ; ) = e it j j 2 2 û(0; ; ) : The multiplier e itj j 2 =(2 ) has modulus equal to one which implies that the H s (R d ) norm of the solution is independent of t 2 R.
Another point of view is to write the equation formally as Proof. Only the last sentence needs comment. Choose 2 C 1 (R 1+n ) with vanishing on a neighborhood of the origin, and 2 C 1 0 (R 1+n ) equal to one on a neighborhood of the origin. Then the solutions with initial datâ u (0; ; ) := ( = ; = ) ( ; )û(0; ; ) have the desired properties.
Examples/Remarks. 1. The fundamental solution is the solution u whose initial value is u(0; x; y) = (x; y). Then u is a distribution in t; x; y homogeneous of degree ?n ? 1. This is immediate from the observation that if u is the fundamental solution then for > 0, n+1 u( t; x; y 1 ; : : : ; y n ) is also a fundamental solution. The homogeneity follows from uniqueness of solutions of the initial value problem.
2. If u is a solution then so is u(?t; ?x; y). It follows that if you know how to solve the initial value problem for t > 0 then one solves for t < 0 by remarking that u(?t; x; y) = v(t; x; y) where v is the solution with initial data f (?x; y). For this reason it su ces to describe the fundamental solution for t > 0.
3. The initial data u(0; x; y) is arbitrary so long as it is square integrable at in nity in the sense of membership in some H s . This freedom in data must not be confused with arbitrary Cauchy data. The equation is second order so that the Cauchy data is the pair u(0); u t (0) and the Theorem shows that the rst determines u and thereby the second. The di erential equation represents a relation between u(0) and u t (0). This is because the initial manifold ft = 0g is characteristic, which in turn is equivalent to the fact that the conormal ( ; 0; 0) belongs to the characteristic variety.
4. Though the solutions are continuous in time, they will not in general be di erentiable in time, even for initial data in the Schwartz space S (R 1+n ). This is easy to see from the formula 
Even for f 2 S one will not have b u t square integrable unlessf vanishes at = 0. A necessary and su cient condition for u t to be a bounded function of t with values in L 2 (R 1+n ) is that 
Note in particular that the x component of the group velocity is always nonnegative. The group lines (t; tj j 2 =2 ; t = ) foliate the light cone 2tx = jyj 2 . The conservation laws (6) can also be obtained by the method of multipliers. In the next computations suppose that u 2 C 1 (R + ; S). Theorem 1 shows that general solutions are limits of such functions. Multiplying the equation (1) Letting > 0 decrease to 0 recovers (6). The previous argument shows the utility of the multiplier u x in deriving estimates for the LDPE. One also has the standard identity in the z coordinates with multiplier u z 0 . There is also a simple identity from the multiplier u t which is in fact a linear combination of the above two. It reads We next investigate what remains of the nite speed of propagation for the wave equation in z 0 ; : : : ; z n+1 . It is natural to expect that for our initial value problem, the domain of determination of a point (t; x; y) is the backward light cone sketched in Figure 1 . The intersection with the plane ft = 0g is a parabolic region denoted P in the next Theorem. The light cone in the gure has the equivalent equations
The assertion about the domain of dependence is the content of the next result.
Theorem 2. Suppose that t > 0 and consider the intersection of the light cone (11) whose vertex is t; x; y with the plane ft = 0g. The interior of the cone cuts out the parabolic region 
If the initial data of a solution u from Theorem 1 vanishes in P then for 0 t, u vanishes inside the light cone (11) that is in the set n (t; x; y) : 0 < t < t and 2(t ? t)(
In particular if the data vanish for x a then for t 0 the solution vanishes for x a. In uence propagates to the right. This is reasonable given the group velocities (9) with positive rst component.
Proof. is the unit outward normal and d is surface measure. The hypothesis on the initial data implies that the integral over P vanishes. The integrand in the @ Cone integral is nonnegative. One way to see this is that the surface is a limit of strictly spacelike surfaces on which the positivity of the integrand is nearly the de nition of space like. Since all three integrals are nonegative it follows that they all vanish. In particular, the integral of jr y uj 2 over x =x vanishes. Sincex is arbitrary we conclude that r y u = 0 at all points of C(x) .
Knowing that u y = 0, the surface integral yields R @Cone t (u x ) 2 d = 0. Since t > 0 this implies that u x = 0 on the surface of the cone. The same argument holds for the cones with vertex lowered at any point between (t; x; y) and (0; x; y). This proves that u x and therefore r x;y u vanishes at all points inside C(x) . By connectedness, it follows that for each t > t > 0 the restriction of u(t) to the interior of the light cone is constant. Since the time section has in nite measure, and u(t) is square integrable, it follows that u(t) light cone = 0 and the proof is complete.
This Theorem has a dual form in terms of domain of in uence. The fact that the support is contained in x 0 is consistent with the fact that the group velocities have nonegative x component.
x3. Relations with z .
We next describe in more detail the relation between solutions u(t; x; y) of the linear di ractive pulse equation and the corresponding solutions of the wave equation z u = 0. To compare the formulas (15) and (16) The sign of this quantity is the same as the sign of . In formula (16) To compare with (15) 
Note that the restriction off to > 0 determines a . So, up to a constant, v is equal to @ z 0 ? @ z 1 applied to the fundamental solution of z . We will recover this relation in the computation of the fundamental solution, u, in the next section.
There is a di erent strategy for transforming the initial value problem for the LDPE into a boundary value problem for the wave equation. De nẽ (28) x4.1. The case n = 2k 2 N even .
In this case, the wave equation z is in a space of odd dimension equal to 2k + 1, so it is not surprising that the formulas are simpler and exhibit a Huyghens' principal. In the same vein, when n = 2k, there is no square root in formula (28) ) is homogeneous of degree 2(?k ? 1) and therefore that u is homogeneous of degree ?n ? 1 . Similarly, the local Sobolev regularity is ?n=2 ? 1=2 ? . These veri cations con rm properties already demonstrated about the fundamental solution. On the other hand, the formula (29) exhibits a Huyghens' principal. The support is contained entirely on the surface of the parabolic region P from Theorem 2. When n = 1 and more generally for even dimensional space time, the support lls the solid light cone. In the spirit of the last section, consider u as a solution of the wave equation in the z variables. Up to a constant factor, the function in (29) is equal to x4.2. The case n = 1.
When n is odd the branch of the square root of 2 i =t in (28) 
Note that the support of the distribution u(t) agrees with that computed in Corollary 3 and also that the formula for u is homogeneous of degree -2 in t; x; y as it must be.
Proposition 4. The fundamental solution of the linear di ractive pulse equation is given for t > 0 by formula (29) when n = 2k is even and by formula (32) when n = 1.
The cases n = 1 and n = 2 are the most important for the applications. The case of n odd and greater than 1 can also be computed following the ideas used above. Numerical computations of some solutions of the LDPE can be found in AR1].
